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Table 1 Estimated numbers of substitutions per site (K) when the substitution

speed over sites obey a uniform or exponential distribution with mean & and the
substitution pattern over sites is the same (a/f = )

'
c __ s
0.01 0.1 0.5 0.5 | 1.0 | 1.3 2.0
2154 fi Rate unilorm
0.5 0,010 0.098 0.444 0,627 0,786 1.046 1.253
1.0 0.010 0,094 04445 0.629 0.790 1.054 1.259
2.0 0.010 0.098 0.444 0.626 0.784 1.045 1.248
5.0 b.010 0.097 0.437 0.612 | 0H.762 1.006 1.197
10.0 0,010 0.097 0.431 0.599 0.741 0.969 1.145
1A% 44 Rae Mc‘whnwhwg_
0.5 0,011 0.103 D.411 0.555 0.675 0.869 1.024
1.0 0.610 0.094 0.383 0.520 0,636 0D.824 0,975
2.0 0.009 0.083 0.343 0.468 0.576 D.753 0.806
5.0 0.007 0.067 0,280 0,385 0,476 0.628 0.753
10.0 0.006 0,058 0.240 0,329 0.404 0.533 0.64]1
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Table 2 Estimated numbers of substitutions per site (K) when the substitution tpeed

is constant but the transition-transversion rario varies over sites. Two classes of sites

with equal frequency are assumed, the one with &/« ¢ = | and the other &/ = ¢,

i ¢ .
0.5 2 1 4.0 8.0
0.1000 0.1000 fl.0099 0.0098 0.0996
0.2000 0.1999 0.1998 0.1992 U.1984
0,3000 0,2997 0,2995 0,2981 0.2963
0.4000 0,3005 0,3902 0,3967 0.3035
0.5000 0.4992 0.4987 .4048 0.4899
0.6000 0,5988 0.5981 0.5925 0.5854
0.7000 0.6984 0.6975 0.6899 0.6803
0.2000 0.7979 0.7967 0.7868 0.7743
0.9000 0.8973 0.8958 0.8833 0.8676
1.0000 0.9967 0,9948 0.9794 0.9602
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Evaluation and Extension of Markov Process Models
for the Evolution of DNAWY

Yang Ziheng
(Department of Animal Sciences, Beijing Agricultural University, Beijing 100094)

Niek Goldman
(National Instituse [or Medical Research London NW1 144, UK)

Abstract

Markov process models of nucleotide substitution are evaluated. A model proposed
by Lanave ez al (1984), alleged to need no priori assumption about the substitution
pattern, is found to have the assumption of reversibility. Calculations based on the
2-p, 4-p, and 6-p substitution schemes show that site variation of substitution speed
leads to serious under-estimation of sequence divergence by various methods. Spatial
pattern variation also leads to under-estimation, but the discrepancy is slight. A no-
nhomogeneous Markov process model is used to study the temporal variations of rates
and it is shown that the estimated number of substitutions reflects a rate averaged
over time. The implications of those results to evolutionary phylogenetics are discussed.
Key words Nucletide substitution, Markov process models, Molecular evolution
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Evaluation and Extension of Markov Process Models
for the Evolution of DNA

Zi-Heng Yang
(Department of Animal Sciences, Beljing Agricultural University)

ABSTRACT

Stochastic models for studying the nucleotide substitution process during
the evolution of DNA are evaluated. A model proposed by Lanave et al. (1984),
alleged to need no a priori assumption about the substitution pattern, is found
to have very stringent restrictions on the pattern. Under the 2-p, 4-p, and 6-p
substitution schemes it is shown that when the substitution rates differ over,
sites the estimated number of nucleotide substitutions seriously underestimates
the real rates, more seriously when the number of substitutions is greater., A
nonhomogeneous Markov process model is proposed to study the temporal
variations of rates and it is shown that the estimated number of substitutions
reflects a rate averaged over time. The implications of those results to
evolutionary phylogeny are discussed.

1. INTRODUCTION

The availability of great amount of nucleic acids data has made it
possible to study the evolutionary process at the DNA level directly. Estimated
distances among homologous sequences have been used to date major evolutionary
events and infer phylogeny of species. 1In doing this the nucleotide
substitution process has been regarded as a homogeneous Markov process. Then
the distance, i.e., the number of substitutions per site after divergence, will

27 be linearly related Lime. However, certain assumptions underlie those
ok — ma~r? modelsl15,8,29,331:  j), The substitution rates are constant over within
S ¥ lineages, ii). The nucleotides at different sites, or codon sites for protein-
— e coding genes, are changing independently and with the same rates (spatial
‘1§9¥L “uniformity). iii), No selection exists except for that which only affects
substitution rates. Recently there have been accumulated evidences that these
assumptions are not realisticl?,30,32,33]1, On the other hand, what effects the

violation of these assumptions will have remains largely untackled,

Under the aforementioned Markov process models the substitution rate
s Tl ETiX is a 4x4 matrix with 12 free parameters. More assumptions are needed
s about the structure of the matrix to reduce the unknowns, as in the 1-p ( one-
I'P"K‘Mparameter)!“l, 2-pl 18] 4-pl26), gnd 6-p modelsl10,17]1 | lanave et al.l19]
&,Q.1::“' proposed a new method which was claimed to have needed no a priori assumption
LG about the structure of the rate matrix, but in fact very stringent conditions
t‘,,QfGil*:-‘;:i:"'__und.‘a-r'lie the model.
b In this paper Lanave et al.’s model will first be evaluated. Then the
effects of rate variations over sites and over time will be studied.

2. STRUCTURE OF RATE MATRIX Q: EVALUATION OF
LANAVE ET AL.’S MODEL

Suppose the nucleotide substitution process at any site of
the sequence to be a homogeneous Markov process. Let the
transition matrix be P(t)={pis(t)}, where pij(t) is the
probability that the nucleotide at a site is base J Eiven that it
was base i at time zero and Ly d=1,2,3:4 corresponding to bases
T,C,A,G, respectively. Then



dP(t) 1
’ g = ‘ i =
Q=P'(0)= T s ilg.gnn y (P(t)-I) (1)
is known as the rate matrix, since qi;&t (i=j) represents the probability that
base ol ‘mutates’ to base J in time 5t., and

Qi1 ==Zj¢i Qi j=-ai » Q and P(t) are mutually and uniquely determined by Egq.(1) and
the following relationship

P(t)=zet®,
The spectral decomposition of Q leads to
Q=Za A quav’ ay
where 21=0, Az, A3, A:<0 are eigenvalues of Q, and Us=(Uia U a U3 ug )’

and Ve=(Var Vaz Vas Vas)’' the right and left eigenvectors related to N«
respectively, with v’ ue=8asp. Furthermore,

P(t)=Za etPrausv', (2)
or Py (t)=Eq etAvy gva;

The observable quantity x;;, which is the probability of finding base i
in one sequence and base j in another at a given site, is given by

Xig (£)=Zk mxpki (L)pks (L) (3)
where nx is the nucleotide frequency in the ancestor sequence, most often
assumed to be in equilibrium and estimated from the extant sequences. The
number of substitutions per site since divergence is
K=2tZi mi ai . (4)

Tt seems necessary to make certain assumptions as to the structure of
matrix Q to simplify Eq.(3) so as to estimate Q and/or the parameter K. Lanave
et al.,l1%], however, attempted to proceed without them. In the present
notation, they rescaled the eigenvectors as

Zi o= AU a
Wai =T “dvy .
we and ze« (a=1,2,3,4) could still be a set of eigenvectors since w'a«zp=
SiWai 2y p= Zj Vaiw 5= Bap. What is striking is that Lanave et al. toock for

granted that yed! \ RUE _{

Za=Wa O Ui aTi =Vai (5)

Then simplification of Eq.(3) leads to the following simple equation
(Eq.(18) in [19]): ;

{35 (£)/(mi 7y ) 1=Eae? A WawWa'

The question is whether such u« and va that satisfy Eq.(5) can be 'founc_i.
Consider the case where the rate matrix Q has distinct eigenvalues, which is
probably true for a general Q. Then any orthogonal eigenvectors related to _‘Xn
can be expressed as cgus 8nd ce v, where ce is a nonzero cgnst.ant. To find
the scale constant ca the following relationship must be satisfied:

Vai /(m W «)=ce?= Constant irrespective of i. (6)

Eq.(6) turns out to be a very stringent condition, as it does not hold
for the 6-p model with the eigenvalues and eigenvectors from [10]. It doe.s *
hold, however, when Q is symmetrical because in such a case m =1/4 for all i mu..LB
and eigenvectors which satisfy ue=va can be found. MW'W'“'%
nonsymmetrical @ should possess to _make Eg.(6) hold is unclear. l be Sl

The inconsistency of Lanave et al's model can also be seen from the fact “sevredi
that the rate matrix obtained in their paper does not satisfy Q1=0 (Ta

6 in (o-.\.!)ﬂu a..k
[19]}- 3 }:
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3. SPATIAL VARIATIONS OF MUTATION RATES

To estimate x; g (Eq.(3)) by counting nucleotide differences in extant
homologous sequences, it is commmonly asssumed that each site in the sequence
has an equal mutation rate. However, this assumption is seldom realisticls, 121,
Different sites might be under different selective restrictions because of the
requirements of protein folding, polarity and because the amino acids coded by
them lie in different domains of the protein. Before discussing the effect of
spatial variation of rates » we first discuss the measurement of spatial
variation.

Measure of The Spatial Varia tion of Rates

Unfortunately no appropriate measure of the variability of rates over
sites is available, because such a measure would require pre-estimation of the
numbers of substitutions at every site among many homologous sequences. Thus
Imowledge of the phylogeny is necessary. For instance, a homologous site with
base frequencies A4Gs and AiGi1C1Us in seven sequences could be considered the
same or not in the extent of variation according to different phylogenies. For
a 'star’ phylogeny, where all the extant sequences diverged from an ancestor
sequence at about the same time, the proportion of sequences that differ from
the most common nucleotide (consensus base, assumed to be the base in the
anceslor sequence) would be a reasonable approximation. If multiple ‘hits’ and
different rates of transitions and transversions are considered, the following
estimator can be used after the 2-p modell 161 ;

= -31n(1-2Q )-31n(1-2P, -Q ) (7)

where P, and @ are proportions of sequences that have a transition- and
transversion-type difference at site i from the sconsensus base respectively,
Thus P=3/7, Q=0 for A:Gs while P=1/7 and Q=2/7 for AsGiCiUi. Then the variance
of ri can be used to measure the rate variation. Eq.(7) is at least consistent
in theory in that r approaches the true value as the number of sequences
increases. An entropy-like measure, called RNV, proposed by Manske &
Chapmanf{ 231 , igs not linearly related to the number of mutations at that site,
as seen from their Eq.(2), and is thus not consistent.

)

SRS Ao 409 © Sags
T UV e

The Effect of Spatial Variation of Rates

In this paper the pattern (mode) of substitutions is assumed to be the
same, only variations in the speed (tempo) of evolution is considered, By
‘pattern’ we mean the relative size of the elements of the matrix Q. For
instance, two substitution processes with rate matrices Q and cQ have different
speeds but the same pattern, For the 2-p mutation scheme this restriction means
a fixed transition/ transversion ratio over sites, i.e. a/f =c. Let fi be the

i,
b |

o 34’353‘1“-

respectively, Then the mean number of substitutions averaged over sites is
still a linear function of Lime:

}-(=2tEi fi (ai +203; ).
However this quantity can not be estimated directly, The expected
proportions of transitional and transversional differences are now
P= Zfi P, = }+j5f e-48 t-3Tfi e~2(a 4+ )y
Q= ZfiQ = 3-i3fi e-48 t

from which we get the following estimated number of substitutions per
site since divergence:

o

(o

K=-{1n(1-2Q)-41n(1-2P-Q) (8)
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When a continuous distribution f(r) of r, where r=(a+2f)t, of rates is
used as an approximation,

P= i+iIf(r)e‘4f/(f*z)dr-ijf(r)e'zr(0*11/(3‘3)dr

Q= é—gjf(r)e-arzcc-aadr

The results for uniform and exponential distributions of f(r) are shown
in Table 1. It is apparent that K seriously underestimates K, and the
discrepancy increases with K or time, quickly becoming unacceptable. The result
is consistent with that of Palumbi(1989), who considered only 2 classes of
gsites with zero and constant rates respectively, whish is apparently a special
case of the present analysis.

For a general substitution scheme, let 1 Q be the rate matrix at the ith
site. Note that the eigenvalues of 1 Q are ri , and the eigenvectors of 1 Q are
the same as those of Q. The observed matrix X in Eq. (3) is now an average over
sites. Under the #-p and 6-p schemes, Monte Carlo method has been used to
calculate the estimated number of substitutions. The parameters used in matrix
Q are from Gojobori et al.’s simulations(!®]: «=.00375, B=.015, y =.001, ©=.5
for the 4-p scheme, and «=.00125, B=.005, a1=.008, az=.0118, B:=.004, f2=.0059
for the 6-p scheme. @ has been rescaled to make Im qi =1 so that Q only reflects
_the ’'pattern’ of mutation. ri’s are sampled from a certain distribution with
mean K to get the rate matrix r Q for every site. Fig.l shows the results when
ri 's are exponentially distributed, with other sets of parameters basically
producing the same results. It is also found that the discrepancy is greater
when the rate obeys an exponantial distribution than when it obeys a uniform
distribution (See also Table 1). The exponential distribution of rates implies
that there are a few 'hot’ sites with great mutation rates while most sites are
very conservative with very low mutation rates, biologically more realistic
than the uniform distribution.

4, TEMPORAL VARIATION OF MUTATION RATES

Recent evidences show that substitution rates might be different in
different lineagesf?:22,25,321  For instance, Li & Tanimural21] estimated that
the rate of evolution in rodents was 4-10 times faster than in primates, 2-4
times faster than in artiodactyls. The variation was attributed to differences
in generation timel21], More importantly the rates might vary within a lineage
due to changes in restrictions on the DNA sequence. Such changes could be
caused by mutations at other sites or in other related genes; by changes of the
function of the protein coded by the gene; by changes of the location of the
sequence on the chromosome which would have brought it into a different
isochore, and thus under different selective or mutational pressures

[1,2,26,31,233)] .
Rate Variations Along Different Lineages

Suppose two sequences evolve at different but constant rates Q and Q*
upon divergence, and Qc@ . The eigenvalues of Q and @ are related by A=y /c
and their eigenvectors are the same. Thus instead of Eq.(3) we get

Xi § =Demepki (L)pkg*(t)
=Lk kol pet (Ma €M) Uy aVal Uk pV )

Under the 2-p scheme, we can assume Us=Va, SO that
Xij(t)=DeePal 14ty gVay ,

and the quantity estimated by Eq.(8), i.e., K in Eq.(4), is
K=(a+2B) (1+c)t (9)

-m-q.f r:
I lrats g

oo
)

4:00(
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It would be possible to estimate o or t when sequences from several
species are available.
Rate Variation Wi thin a Lineage

Consider the case when the rate matrix is time dependent and the
nucleotide substitution process is a nonhomogeneous Markov process. Suppose
Q(t)=f(t)Q, where f(t) is a nonnegative continuous function of time t. Let
P(s,t)={pi; (s,t)} be the transition matrix from time s to time t. Then the
backward Kolmogorov equation is [13]

_______ = -Q(s)P(s,t), with P(t,t)=I.

This differential equation can be solved when, as it does here, Q(t)
satisfies the following exchangeability conditiont 341 $

t 1
th)[.ft, Q(t)dr] = [.L. Q(7)dr]Q(t).
The solution is ¢
P(s,t) =et§; (-0t (v1dm = eleffinan

or
P(t)= P{O,t):e(ﬂjf!( TNdr) = Eae{f\njtf( VAT uavea’
where Aa, ua, va(a=1,2,3,4) are eigenvalues and eigenvectors of Q.

Let the ‘rate functions’ f(t) for sequences 1 and 2 be f,(t) and fa(t)
respectively. Then under the 2-p scheme, it can be shown that the quantity K in
Eq.(8) estimates:

t - -
K = (a+2|3)Jo [fi(t)+f2 (1) ]de =(at2B)L(fy (t)+£2 (L)) (10)

where a () = f; fi (v)dz/t (i=1,2) is the substitution rate per site in
Sequence i averaged over time period (0,t). The right hand side of Eq.(10)
simplifies to 2t(a+2f) when f1(t)=f2 (t)=1 or to (a+2B) (14+c)t when fafe)=1,
f2(t)=c, as expected, It is interesting to note that K is an average of the
subs'c_itgt:iqn_ ;g_;es_m%difficult to distinguish a constant
-I_‘_?,___E from an averaged variable rate. Formerly Lewontinf 20} and later
Gillespiels, 7,8 proposed that the observed relatively constant rate of
molecular evolution might be an average of variable rates over extended time,
They considered selection to be the main cause of rate variation, a view
strongly opposed by Kimuraf 18] and Takahatal 271 Whatever the cause(s) might be
(see the review at the beginning of this section), it should be noted that K
will not be a linear function of time t when £y (t) or f3(t) is not constant,

Li & Tanimuraf2:) proposed a method of estimating the divergence times
between sequences under the assumption of different but constant rates within
lineages. It is apparent that the ratesg could not be constant within lineages
when they were different over lineages, So it can be expected that their method
still under-compensates the rate differences, since the dif ferences were
probably formed gradually after divergence.




5. DISCUSSION

Phylogeny inferring by nucleic acids data depends heavily on the
molecular clock hypothesis, i.e., on the hypothesis of a linear relationship
between numbers of nucleotide substitutions and time. In this regard, spatial
variation of rates seems to be a more serious problem than temporal one because
it damages the linearity more severely (Table 1 and Fig.1).

There are many other factors not discussed in this paper that affect the
relationship between the estimated distance and time and thus affect the
reliability of the inferred phylogeny, as pointed out in the Introduction.
Among them is natural selection, whose effect is controversial. However, though
the effect of Darwinian selection caused by environmental changes is a moot
issue, it is generally agreed that restrictive selection which eliminates
deleterious mutations has been at work. This kind of selection not only affects
the substitution rates, but might also cause non-independency of substitutions
over sites, among other factors such as multiple substitutionli!1l, For
instance, restrictions at the aminc acid level would cause associated
substitutions at the three codon sites. What effects this association would
have remains unknown.

For distantly related sequences, systematic pressures might have been at
work in different lineages, as revealed by base compositions at the third codon
position and codon usage patterns in homologous sequencesl30:331, Such
pressures, whether selective or mutational, would cause variation in both speed
and mode of substitutions, and they must have been related to evolutionary
changes at the chromosome levelld]l, A more complete understanding would need
studies at both the molecular and chromosome level.
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Table 1 Estimated numbers of substitutions per site (K) under the 2-p
scheme when the rates over sites obey a uniform or exponential distribution

with mean K. c=a/f is constant over sites.

Real K, averaged over sites
c 0.01 0.1 0.6 0.75 1.0 1.5 2.0

f(r), Uniform

0.5 0,010 0.098 0.444 0,627 0.786 1.049 1.253
1.0 0.010 0.098 0.445 0.629 0.790 1.054 1,259
2.0 0.010 0.098 0.444 0.626 0.784 1.045 1.248
5.0 0.010 0.097 0.437 0.612 0.762 1.006 1.197
10,0 0.010 0.097 0.431 0.599 0.741 0.969 1,145

f(r), Exponential

0.5 0.011 0.103 0.411 0.555 0675 0.869 1,024
150 0.010 0.094 0,383 0.520 0.636 0.824 0.975
2.0 0.009 0.083 0,343 0.468 0.576 0.753 0.896
5.0 0.007 0.067 0.280 0,385 0.476 0.628 0,753
10.0 0.006 0.058 0.240 0.329 0.404 0.533 0.641

Figure Legend

Fig. 1 Estimated number of nucleotide substitutions (K) under the 4-p and 6~
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