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SUPPLEMENTAL INFORMATION
INFERENCE OF CONTINUOUS GENE FLOW BETWEEN SPECIES UNDER MISSPECIFIED MODELS
THAWORNWATTANA, Y., FLoUR1, T., MALLET, J., AND YANG Z.

SI TEXT: COALESCENT TIME DISTRIBUTIONS UNDER THE MSC-I AND MSC-M MODELS FOR TWO SPECIES

We derive probability densities of coalescent times between two sequences under the MSC-I and MSC-M models for
two species of figure la-d. Our asymptotic analysis is based on f(745), the distribution of coalescent time for two
sequences sampled from the two species. We also derive f(t,,) and f (55 ) for two sequences sampled from the same
species, as comparison of the true and fitting distributions of those coalescent times provides important insights into
Bayesian parameter estimation under misspecified models (e.g. fig. S6).

Density of coalescent time under the MSC-I model of figure la

In the MSC-I model of figure la, introgression occurs from species A into B at time Ty with probability ¢. With

at least two sequences sampled per species, there are eight parameters in total: 6; = {¢, 7x, Tr, 04,08, 0x, 0y, R }.

However, some parameters may be unidentifiable if only one sequence is sampled per species (Yang and Flouri, 2022).
The coalescent time between one sequence from A and one from B has density (e.g., Jiao et al., 2020)
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For two sequences from A, the density of coalescent time is piecewise exponential
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This is independent of 6p, 8y and ¢.
Lastly, for two sequences from B, we have
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This is independent of 6 4.
In this work, we always assume 84 = 0x and 6 = 6y, i.e., there is no change in the population size after
introgression.

Density of coalescent time between two sequences under the MSC-M models (IM, IIM and SC) of figure 1b-d

In the IM model (fig. 1b), the two species (A and B) diverge at time g and there is continuous gene flow from A to B
at rate of M 4_,p migrants per generation since 7. In the IIM model (fig. 1¢) gene flow continues to occur from A to
B after species divergence but stops at time 7 > 0 (Costa and Wilkinson-Herbots, 2017). In the SC model, (fig. 1d),
the two species are initially completely isolated after their divergence but gene flow starts to occur from A to B at rate
M 4, g from time 77 > 0 to the present (Costa and Wilkinson-Herbots, 2021). The IM model (fig. | b) can be viewed as
a special case of the IIM model (fig. 1¢) with 77 = 0 or as a special case of the SC model (fig. 1d) with 77 = 7g. Here
we derive the densities for the coalescent time between two sequences (¢44, fap, tpp) under the IIM and SC models.

Consider the IIM model of figure 1b. The parameter vector is 6, = {M, 71, Tr, 64, 05, 01, Or }. The backwards-
in-time process of coalescent and migration in time interval (77, 7g) for two sequences is described by a Markov
chain with four states: AB, AA, BB and A (Notohara, 1990). Here AA means two sequences in A and A means one
sequence in A (i.e., a coalescent event has occurred, reducing the number of sequences from two to one). Note that
the AB-to-AA transition means migration of a sequence from A to B in the real world (forward time). The rate matrix
of this Markov chain is
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where w = ma_p/u = 4Ma—p/0p is the mutation-scaled migration rate; see, e.g., Herbots (1997), Wilkinson-
Herbots (2008), Hobolth er al. (2011), and Jiao et al. (2020). Coalescence occurs at rate % in A and é in B. Time

is measured in the expected number of mutations per site. The matrix Q has eigenvalues 4| = 0, A, = —%, A3 = —w,
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and A4 = —% — 2w. Let the transition probability matrix over time ¢t be P(t) = {p;;(¢)} = e?’, where p; (1) is the
probability that the Markov chain will be in state j time ¢ later given that it is in state 7 at time 0. This is
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Let P(t) denote the transition probability matrix during (77, 7g). This is the same as P(¢) except that population
T is the recipient of gene flow instead of B, with g replaced by 7. Under the IIM model (fig. 1¢), the probability
density of the coalescent time 7, is
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The other two coalescent times, #,, and ¢, have densities
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which depends on 64, g, and T only, and
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As M — oo, the IIM model becomes equivalent to the MSC-I model (fig. 1a) with ¢ = 1 provided 77 = 7x and
01 = 0x. Also the IIM model with M = 0 and any value of 77 is equivalent to the MSC-I model with ¢ = 0.
For the IM model (fig. 1b), the densities fiy.ap(?), fim.aa(?) and fiy pp(?) are given by setting 77 = 0 and

w = 4MAB/QB in fHM,ub(t)a fHM,aa(t) and ﬁIM,bb(t)a respeCtiVCIY-

Finally, under the SC model (fig. 1¢), the parameter vector is Osc = {M, T, Tr, 04, 0B, 01, 0r }. The coalescent-
with-migration process over the time interval (0, 77) is described by the Markov chain of eq. S4. The probability

density of the coalescent time 7, is
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Lastly, the coalescent time ¢, has density
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Fig. S1: [kl- f,5 (7)] Distributions of the coalescent time ¢, between a sequence from A and a sequence from B under
models of figure 1. The true distribution under the MSC-I model of figure 1a for different values of introgression
probability ¢ is shown in solid curve, while the best-fitting distributions under the MSC-M models (IM, IIM, SC) of
figure 1b-d), calculated by minimizing the KL divergence from the true MSC-I model (eq. 3) under the constraint
64 = Og, are shown as dashed curves (see fig. 2).
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Fig. S2: [kl-vs-¢] KL divergence (eq. 3) for the IM, IIM and SC in figure 1b—d. Lower values indicate a better fit.
Parameter estimates are in figure 2.
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Fig. S3: [2s-ft-n] Distributions of coalescent times between two sequences (¢4, 45 and fpp) under the true MSC-I
model (fig. 1a) with different numbers of sites per locus () and under the MSC-M models (IM, 1IM, SC; fig. 1b-d)
calculated using the best-fitting parameter values obtained from Bpp analysis of data of L = 4,000 loci (fig. 3, first

column). See legend to figure S6.
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Fig. S4: [2s-ft-S] Distributions of coalescent times between two sequences (f,4, tqp and tpp) under the true MSC-I
model (fig. 1a) at different numbers of sequences per species (S) and under the three fitting MSC-M models (IM,
1IM, SC; fig. 1b-d) calculated using the best-fitting parameter values obtained from Bpp analysis of data of L = 4,000
loci (fig. 3, second column).
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Fig. S5: [2s-ft-L] Distributions of coalescent times between two sequences (f44, fqp and tpp) under the true MSC-I
model (fig. 1a) at different numbers of loci (L) and under the three fitting MSC-M models (IM, IIM, SC; fig. 1b-d)
using the best-fitting parameter values obtained from Bpp (fig. 3, third column). Note that different choices of L led
to highly similar estimates and coalescent time distributions.
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Fig. S6: [2s-ft-p] Distributions of coalescent times between two sequences (f44, tqp and tpp) under the true MSC-I
model (fig. 1a) at different values of the introgression probability (¢; solid curves) and under the three fitting MSC-
M models (IM, IIM, SC in fig. 1b-d; dashed curves) calculated using the approximate best-fitting parameter values
obtained from Bpp for data of L = 4,000 loci, each with § = 4 sequences per species and with n = 1,000 sites per
sequence (fig. 3, last column). The two vertical dotted lines indicate the introgression time (rx = 0.002) and the
divergence time (g = 0.004).



Page 10

(@) (b)
1.00{ g=——o—9———@o—9| 100 » = *
lg-
0.75 1 0.75 1
0.50 0.50 1
Fitting model
0.25 0.25
IM
OOO- T T T T T O.OO-I T T T T
250 1000 4000 16000 64000 1 2 4 8 16 " IM
g Number of sites (n) Number of sequences (S) - SC
)
o (©)
100 g—pp———9—+—9 100 ——o—o—; €
o
0754 " 0754 i — o001
lo”” )0 0.01
0.50 0.509:| |
0.25 - 0.251
0.00 1 ooote:8 ®
250 500 1000 2000 4000 8000 0.01 0.10 0.20 0_'30 0.40 050 0.70
Number of loci (L) Introgression probability (¢)

Fig. S7: [2s-bf] Power of the Bayesian test for gene flow applied to data simulated under the MSC-I model of figure
la. The Bayes factor B} for comparing the null model Hy : M = 0 and the alternative model H; : M > 0 under the
IM, IIM or SC models (fig. 1b-d) is calculated using the Savage-Dickey density ratio, with the null region defined
as M < € = 0.001 or 0.01 (Ji er al., 2023). Power is the proportion of replicate datasets in which Bjg > 100 (as the
cutoff is 100, we used € = 0.001). Parameter estimates for those data are summarized in figure 3.
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Fig. S8: [4s-ft] The true (black) and fitting (red and blue) distributions of coalescent times between sequences from
two species, f(tup), f(tac), f(tpe), when data are generated under models A, B, C, and D of figure 4 and analyzed
under models C and D. Each row corresponds to a true model (A, B, C, or D). Each colour line indicates the fitting
model (C or D). For example, the first row shows the A-C (red) and A-D (blue) settings (fig. 4). The fitting distributions
were calculated using posterior means of parameters from Bpp analysis of simulated data of L = 4,000 loci, averaged
across 100 replicates (fig. 4e).
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Fig. S9: [4s-ABCD-bf] Power of the Bayesian test of gene flow applied to data simulated under models A-D of figure
4a—d (see fig. 4e for parameter estimates). Bayes factor is calculated to test the null hypothesis Hy : M = 0 against
Hi : M > 0. See legend to figure S7 for more details.



Page 12

(a) True model C:l (inflow)

C:l-l C:i-0 C:i-B

1.004
0.75 1
0.501
0.25
0.00 A A =

(b) True model C:O (outflow)

C:O-l C:0-0 C:0-B
1.004 = = A & = =
0.751
0.501
0.251
0.00 - L . |

(c) True model C:B (bidirectional gene flow)

E C:B-I C:B-O C:B-B €

1.00 {#—= | [ x| [ T
% 0.75 — 0.001
o 050 ---- 0,01
2 025
@ 0.00
8- T T T T T T T T T M
] (d) True model D:l (inflow)
0 . Mag
= DiI-I D:I-0 D:I-B Y
S 1.001 | = B-A
© 0.754
=}
% 8:22_ \ -~ FPR
q;) 0.001—— e s e —=A| e~ power
o)
o

(e) True model D:O (outflow)

D:O-1 D:0-0 D:0-B
1.004 a = X & x _
0.75
0.50 /
0.25
0.00 4 M=----goccecoconncnonnnnn -

(f) True model D:B (bidirectional gene flow)

D:B-I D:B-O D:B-B
1.00 A — T T
0_75-/ /i ""..'
0501 a7 ¥
0251 . U,
OOO b T T T T T T T T T
250 1000 4000250 1000 4000250 1000 4000

Number of loci (L)

Fig. S10: [4s-IOB-bf] Power (blue) and false positive rate (FPR; red) of Bayesian test of gene flow applied to data
of four species simulated under the C and D models: (a) C:I (inflow), (b) C:O (outflow), (c) C:B (bidirectional), (d)
D:I (inflow), (e) D:O (outflow), (f) D:B (bidirectional) (fig. 5a-f). The data were analyzed under I, O, and B models.
Parameter estimates are shown in figure 5g-h. See legend to figure S7 for more details.
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Table S4: Bayes factors for comparing models of gene flow for the spruce dataset (fig. 6), calculated using thermo-
dynamic integration and Savage-Dickey density ratio

Thermodynamic integration = Savage-Dickey density ratio

Model 1 Model 2 Raw B;»  Adjusted B, e=10"* €=10"°
(i) Pulse gene flow (MSC-I) versus continuous migration (MSC-M)

MSC-I: B (linked §) ~ MSC-M: IM 0 e¥9 n/a n/a
MSC-I: B (linked ) ~ MSC-M: IIM 32 336 n/a n/a
MSC-I: B (linked ) ~ MSC-M: SC e33-6 ¢33 n/a n/a
(ii) Constraint on population sizes (8p = Ow)

MSC-I: B (linked 9) MSC-I: B (different ) 0.04 1.65 n/a n/a
(iii) Simultaneous contribution from both parents (tp = 7g, hybrid speciation)

MSC-I: B (linked 6) MSC-I: C (linked 6) 6.05 0.07 0.45 0.49
MSC-I: B (different §) MSC-I: C (different 0) 4.48 0.25 0.65 3.56

Note.— The Bayes factor By, represents the evidence in favour of model 1 against model 2. We use a cutoff of 1%,
with By > 100 or log(Bj2) > log(100) = 4.61 representing strong support for model 1 while By, < 0.01
representing strong support for model 2. The adjusted value was obtained by smoothing the power posteriors (see
Methods). The Savage-Dickey density ratio is applicable to nested models only.
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